Abstract. We give a characterization of alternating link exteriors in terms of cubed complexes. To this end, we introduce the concept of a "signed BW cubed-complex", and give a characterization for a signed BW cubed-complex to have the underlying space which is homeomorphic to an alternating link exterior.
Introduction
Recently, Greene [5] and Howie [8] , independently, established intrinsic characterizations of alternating links in terms of a pair of spanning surfaces, answering an old question of R. H. Fox. These results can be regarded as characterizations of alternating link exteriors which have marked meridians (see [8, Theorem 3.2] ).
The purpose of this paper is to give a characterization of alternating link exteriors from the viewpoint of cubed complexes. Our starting point is a cubical decomposition of alternating link exteriors, which is originally due to Aitchison, and is used by Agol [2] , Adams [1] , Thurston [10] , Yokota [11, 12] and SakumaYokota [9] . Thus we call it the Aitchison complex. The Aitchison complex for an alternating link is actually a mapping cylinder of the natural map from the boundary of the exterior of the alternating link onto the Dehn complex. For a detailed description and historical background, see [9] .
In this paper, we introduce the concepts of a signed BW squared-complex (or an SBW squared-complex, for short) and a signed BW cubed-complex (or an SBW cubed-complex, for short), and give a combinatorial description of the Dehn complex and the Aitchison complex as an SBW squared-complex and an SBW cubedcomplex, respectively. The main theorem gives a necessary and sufficient condition for a given SBW cubed-complex to be isomorphic to the Aitchison complex of some alternating link exterior (Theorem 4.1). This implies a characterization of alternating link exteriors in terms of cubed complexes (Corollary 4.2). This paper is organized as follows. In Section 2, we give an intuitive description of the Aitchison complex and the Dehn complex following [10, 11] . In Section 3, we introduce the SBW squared-complex and the SBW cubed-complex, and describe the Dehn complex and the Aitchison complex in terms of the SBW squared-complex and the SBW cubed-complex, respectively. In Section 4, we prove the main theorem.
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An intuitive description of the Aitchison complexes and the Dehn complexes for alternating links
In this section, we give an intuitive description of the Aitchison complexes and the Dehn complexes following [10, 11] . For detailed description, see [9] .
Let Γ ⊂ S 2 be a connected alternating link diagram and L ⊂ S 3 the alternating link represented by Γ. We pick two points P + and P − in the components of S 3 \ S 2 one by one. These points are regarded to lie above and below S 2 , respectively. Identify S 3 \ {P + , P − } with S 2 × R, and assume the following. The diagram Γ is regarded as a 4-valent graph in 1] , and L intersects S 2 × {0} transversely in 2n points, where n is the crossing number of Γ. For each vertex x of Γ, consider a square s in S 2 = S 2 × {0} which forms a relative regular neighborhood of x in (S 2 , Γ) such that the four vertices of s lie in the four germs of edges around x. Let x + and x − be the points of L which lie above and below x, respectively. Consider the two pyramids, ∆ ± , in S 3 which are obtained as the joins The edge a 1 b 1 of s 1 is isotopic to an almost vertical line segment which starts P − , passes through a point in the interior of R and reaches P + . (4) The edge b 2 a 2 of s 2 is isotopic to an almost vertical line segment which starts P − , passes through a point in the interior of R and reaches P + .
These isotopies determine an isotopy (and so a homeomorphism) from the face x
In this way, we obtain a paring of faces of the octahedra {∆ 
Signed BW complexes
In this section, we introduce the concept of a signed BW squared-complex and that of a signed BW cubed-complex, and then describe the Dehn complexes and the Aitchison complexes for alternating links by using these concepts.
By a signed BW square (or an SBW-square, for short), we mean the square s := [0, 1] 2 with the following information:
(1) The vertices (0, 0) and (1, 1) are endowed with the sign −, and the vertices (0, 1) and (1, 0) are endowed with the sign +. (2) The horizontal edges I × {0} and I × {1} are endowed with the color B (Black), and the vertical edges {0} × I and {1} × I are endowed with the color W (White). For an SBW-square s, we assume that each edge of s is oriented so that the initial point and the terminal point have the sign − and +, respectively. Now consider a set S = {s 1 , . . . , s n } of n copies of the SBW-square, and let V + (S) and V − (S), respectively, be the sets of positive vertices and negative vertices of the SBWsquares in S.
For each bijection ϕ : V + (S) → V − (S), we construct a squared complex (i.e. two-dimensional cubed complex), C 2 (S, ϕ), as follows. Let E B (S) and E W (S), respectively, be the set of the black edges and the white edges of the SBW-squares in S. Then ϕ induces a bijection Φ B : E B (S) → E B (S) as follows. For a black edge e ∈ E B (S), let v be the positive vertex which forms the terminal point of Figure 2 e. Then Φ B (e) is defined to be the unique black edge whose initial vertex is ϕ(v) (see Figure ?? ). Similarly, ϕ induces a bijection Φ W : E W (S) → E W (S), such that Φ W (e), for e ∈ E W (S), is the unique white edge whose initial vertex is the image of the terminal vertex of e by ϕ. Thus we obtain a bijection Φ := Φ B Φ W from E(S) := E B (S) E W (S) to itself. For each e ∈ E(S), let f e : e → Φ(e) be the unique orientation-preserving linear homeomorphism. We regard the family {f e : e → Φ(e)} e∈E(S) as a gluing information for the SBW-squares S = {s 1 , . . . , s n }, and denote the resulting squared complex by C 2 (S, ϕ). We call it the signed BW squared-complex (or the SBW squared-complex, for short) determined by the bijection ϕ :
Remark 3.1. A signed BW squared-complex is a special case of a VH-complex introduced by Wise [13] , which is defined to be a squared complex whose edges are partitioned into two classes V (vertical) and H (horizontal). Motivated by black/white checkerboard surfaces, we use W and B, instead of V and H. , we obtain a three-dimensional cubed complex. We denote it by C 3 (S, ϕ), and call it the signed BW cubed-complex (or the SBW cubed-complex, for short) determined by ϕ. It should be noted that C 2 (S, ϕ) is a subcomplex of C 3 (S, ϕ), and there is a natural deformation retraction of C 3 (S, ϕ) onto C 2 (S, ϕ). For an alternating link L ⊂ S 3 represented by a connected alternating diagram Γ ⊂ S 2 , the Dehn complex D(Γ) and the Aitchison complex A(Γ) are identified with the SBW squared-complex C 2 (S, ϕ) and the SBW cubed-complex C 3 (S, ϕ), respectively, where S and ϕ are defined as follows. Consider the checkerboard coloring of (S 2 , Γ) such that the associated black surface for L has a positive halftwist at each crossing (see Figure 3(a) ). Figure 3 Let {x 1 , . . . , x n } be the vertex set of Γ and let S = {s 1 , . . . , s n } be the set of SBW-squares as illustrated in Figure 3(b) . To be precise, 
Main results
Proposition 3.2 shows that the Aitchison complex A(Γ) of a connected alternating diagram Γ can be described as the SBW cubed-complex C 3 (S, ϕ). In this section, we prove Theorem 4.1, which gives a characterization of the Aitchison complexes of connected alternating diagrams among the SBW cubed-complexes.
Let S = {s 1 , . . . , s n } be a set of SBW-squares, and let ϕ : V + (S) → V − (S) be a bijection, where V ± (S) are the sets of positive and negative vertices of the SBWsquares in S. Let Φ = Φ B Φ W be the bijection from E(S) = E B (S) E W (S) to itself determined by ϕ. where E(S)/ Φ denotes the quotient space of the cyclic group action on E(S) induced by Φ, and | · | denotes the cardinality of a set.
Proof. We first prove the only if part. Suppose that an SBW cubed-complex C 3 (S, ϕ) is isomorphic to the Aitchison complex A(Γ) of a connected alternating diagram Γ ⊂ S 2 . Then we may assume S and ϕ are constructed from Γ as in Section 3. Observe that there is a one-to-one correspondence between E B (S)/ Φ (resp. E W (S)/ Φ ) and the set of the black (resp. white) regions of Γ. Consider the cell decomposition of the projection plane S 2 obtained from Γ. Then the above observation implies that |E(S)/ Φ | is equal to the number of 2-cells of the cell decomposition. Since the cell decomposition has n vertices and each vertex has degree four, the number of 1-cells is equal to 2n when n = |S|. Hence, we have
This implies |E(S)/ Φ | = |S| + 2, completing the proof of the only if part. Next, we prove the if part. Suppose |E(S)/ Φ | = |S| + 2. By using this condition, we construct a connected alternating diagram Γ such that C 3 (S, ϕ) ∼ = A(Γ). Consider the two-dimensional complex, X, obtained from the set S = {s 1 , . . . , s n } of SBW-squares by attaching a 1-cell γ = v, ϕ(v) for each v ∈ V + (S), and we now attach black/white 2-cells to X, as follows.
Consider the action of the cyclic group Φ B on E B (S), and pick its orbit {e, Φ B (e), . . . , Φ B (e), and so there is an edge, γ i , of X joining these two points. Then,
B (e) + γ k−1 determines a simple 1-cycle, where γ i is given a natural orientation. We attach a black 2-cell to X along the 1-cycle. Similarly, each orbit of the action of Φ W on E W (S) determines a simple 1-cycle, and we attach a white 2-cell to X along the 1-cycle.
Let M be the two-dimensional cell complex obtained from X by attaching black/white 2-cells in this way. We can easily observe that M is an orientable 2-manifold. To compute the Euler characteristic χ(M ), observe the following.
(1) The number of vertices of M is 4n with n = |S|, since each vertex is contained in an SBW-square. (2) The edge set of M consists of 4n edges of the SBW-squares and 2n "connecting" edges. So, the number of edges of M is equal to 6n. (3) The face set of M consists of n squares and |E B (S)/ Φ B | black 2-cells and |E W (S)/ Φ W | white 2-cells. So, the number of faces of M is n+|E(S)/ Φ |. Hence, χ(M ) = 4n − 6n + (n + |E(S)/ Φ |) = −n + |E(S)/ Φ |, and so, by the assumption, it is equal to 2. Therefore, M is homeomorphic to S 2 . Add to an overpass connecting two negative vertices and an underpass connecting two positive vertices in each SBW-square. The union of connecting edges and overpasses and underpasses gives a connected link diagram Γ, which is clearly alternating. Moreover, it is obvious from the construction that C 3 (S, ϕ) is isomorphic to A(Γ). [4] ). We note that the "Dehn complexes" of these spaces and related spaces are studied extensively in the works [7, 6, 4] by Harlander, Rosebrock, and Byrd.
